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Abstract  Thi*  piper  dcrivis  •  one-order  etetiitic  eetlmetor 
“««  >•  tor  the  location  parameter  of  the  (first)  extreme-value  dls- 
tribution  of  amalleat  values  with  cumulative  distribution  function 
Hj.uJO  -  1  —  ftp  |  —  exp|(r-u)/b)j  using  the  minimum-variance 
unbiased  one-order  statiatic  estimator  for  the  scale  parameter  of  an 
exponential  distribution,  as  was  done  in  an  earlier  paper  for  the  scale 
parameter  of  a  Weibull  distribution.  It  is  shown  that  exact  confi¬ 
dence  bounds,  based  on  one-order  statistic,  can  be  eaailjr  derived 
for  the  location  parameter  of  the  extreme-value  distribution  and  for 
the  scale  parameter  of  the  Weibull  distribution,  using  exact  confi¬ 
dence  bounds  for  the  scale  parameter  of  the  exponential  distribution. 
The  estimator  for  u  is  shown  to  be  h  lnrma  -f  jmm  where  im,  is  the 
wuh  order  statistic  from  an  ordered  sample  of  tixa  n  from  the  extreme 
-value  distribution  with  scale  parameter  b  and  cmm  is  the  coefflcient 
for  a  one-order  statistic  estimator  of  the  scale  parameter  of  an 
exponential  distribution.  Values  of  the  factor  cm„  which  have  pre¬ 
viously  been  tabulated  for  n  -  1(1)20,  are  given  for  a  -  21(1)40. 
The  ratios  of  the  mean-equarc-erron  of  the  maximum-likelihood 
eetlmators  based  on  m  order  statistics  to  those  of  the  one-order 
etatistic  estimators  for  the  location  parameter  of  the  extreme-value 
distribution  and  the  scale  parameter  of  the  Weibull  distribution  are 
Investigated  by  Monte  Carlo  methods.  The  use  of  the  table  and 
related  tables  is  discussed  and  illustrated  by  numerical  examples. 


I.  Introduction 

IN  A  PREVIOUS  PAPER,  Harter  and  Moore  [1]  have 
derived  a  maximum-likelihood  and  an  unbiased  estimator 
fi|&  and  fijfc  of  the  location  parameter  of  the  extreme-value 
distribution  with  known  scale  parameter,  based  on  the 
first  m  out  of  n  ordered  observations.  However,  in  many 
prsc* applications  an  inefficient  estimator  may  be 
chosen  for  its  inherent  simplicity.  Harter  [21  found  the 
minimum-variance  unbiased  one-order  statistic  estimator 
for  the  seide  parameter  a  of  the  exponential  distribution, 
from  a  sample  of  size  n.  Moore  and  Harter  [3]  tabulated 
the  coefficient  cm,  of  the  minimum-variance  unbiased  one- 
order  statistic  estimator  for  the  scale  parameter  of  the 
exponential  distribution  from  a  censored  sample  of  size  rn 
from  a  life  test  of  n  items  [a  •»  1(1)20]  and  showed  how  it 

Manuncrip',  received  March  18,  11)86. 
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could  he  used  to  obtain  a  one-order  statistic  estimator  for 
the  scale  parameter  of  Weibull  populations  with  known 
Rhaj>e  parameter.  By  use  of  the  coefficient  of  the  mth  order 
statistic,  computed  for  estimation  of  the  scale  parameter  of 
the  exponential  distribution,  it  is  shown  in  Section  II  that 
a  consistent  one-order  statistic  estimator  for  the  wale 
parameter  of  the  extreme-value  distribution  with  known 
senle  parameter  can  lie  obtained.  The  values  of  c„,  are 
given  in  Table  I,  along  with  the  relative  efficiencies  of  the 
one-order  statistie  estimators  of  the  seale  parameter  a 
of  an  exponential  distribution  as  compared  with  the  un¬ 
biased  m-order  statistic  estimators,  for  n  -  21(1)40, 
m  “  1(1  )n,  and  A-  -  min(m.r),  where  the  rth  order  stat istic 
is  optimal  for  the  complete  sample.  In  Sections  III  and  IV 
it  is  shown  tfmt  exact  confidence  bounds,  based  on  one- 
order  statistie,  ean  be  derived  for  the  loeation  parameter  of 
the  extreme-value  distribution  and  the  scale  parameter  of 
the  Weibull  distribution  using  the  coefficients  of  the  exact 
confidence  bounds,  found  by  Harter  [4),  for  the  scale 
parameter  of  an  cx|oncntial  distribution.  In  Section  V  a 
Monte  Carlo  comparison  of  the  relative  merits  of  the  one- 
order  statistic  estimators  and  the  maximum-likelihood 
estimators  is  given.  In  Section  VI,  the  use  of  Table  I  and 
related  tables  is  discussed  and  illustrated  by  numerical 
examples. 

II.  Mathematical  Formulation 

If  I'  has  an  exponential  distribution  with  scale  param¬ 
eter  a  and  location  parameter  zero,  then  X  ■»  b  In  Y  has 
the  (first)  extreme-value  distribution  with  u  ™  b  In  a  as 
location  parameter  and  b  as  scale  parameter.  A  one-order 
statistic  estimator  for  the  scale  parameter  of  the  ex¬ 
ponential  distribution  is  given  by 


f  -  cm.ymm 

(1) 

Cmm  -  1/j^  £l/(n  -  *  +  1)J 

(2) 

and  ym,  is  the  with  order  statistic  from  an  ordered  sample 
of  size  n  from  the  exponential  distribution.  Therefore,  an 
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1  04133 
0  97373 
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0  68986 
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0.64074 
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0.64074 
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estimator  for  u  is  given  by 
u  =  b  In  d 

■*  b  III  tr„ ,!/„,) 

=  l>  III  +  l>  III  Urn, 
mill  since  t  =  h  In  1/  we  obtain 

«  -  b  111  (■„,  +  s„,  (.■{) 

when*  <  m,  is  given  l»y  t'J)  ami  x„  is  the  nitli  onl  -r  statistic 
from  an  ordered  sample  «if  size  n  from  the  extreme-value 
distribution.  Now  u  is  a  consistent  estimator  of  tile  loca¬ 
tion  parameter  u  of  the  extreme-value  distribution,  since 
u  =  f>  In  a  and  3  is  a  consistent  estimator  for  the  scale 
parameter  a  of  the  exponential  jxjpulat ion. 

Similarly,  as  was  shown  in  :ui  earlier  paper  [3 1,  if  Y 
has  an  exponential  distribution  with  scale  parameter  a 
then  T  =  Y,,K  has  a  Weibull  distribution  with  shape 
parameter  K ,  wale  parameter  6  =  <r 1  *,  nn<l 

6  -  r  (4) 

is  a  consistent  estimator  for  8  and  f„„  is  the  i/itli  order 
statistic  from  a  Weibull  distribution  with  shape  parameter 

A'. 

The  coefficient  rm,  has  lieen  tabulated  for  n  =  2(1)20 
by  Moore  and  Harter  [31.  The  values  of  the  coefficient  are 
given  for  n  =  21(1)40  in  Table  1,  in  which  it  is  railed  c*„, 
when'll'  =  min  t  w,r),  the  ith  order  statistic  being  optimal 
for  estimation  from  the  lirst  m  older  statistics  of  a  sample 
of  size  n  and  the  rth  order  statistic  lieing  optimal  for 
estimation  from  the  complete  sample. 

III.  KXACT  CoNFIDEN*  E  Bol'SlW  FOR  THE  LOCATION 
Rakametek  of  the  K xt it e me- Valve  Distribution 

Harter  [4 }  has  obtaintsl  exact  iip(H-r  and  lower  bounds 
and  eentral  mnlidence  intervals  for  the  scale  parameter  of 
the  onc-pariunrter  e\|K>nentiaI  distribution  for  a  wide 
range  of  confidence  levels  hastsl  on  the  wth  order  statistic 
!lm,  of  a  sample  of  size  n.  The  coefficients  Bmm  i/mm  have 
lieeu  tabulated  for  n  =  1(  1 120(2)40  for  all  m  optimal.  Ix*t 
us  introtiuee  the  notation 

Vtm  =  Um,  and  />,«  =  K.-,  ym,. 

Now  the  exact  eonlidence  interval  basts!  on  one-order 
statistic  is  given  by 

btmiim.  <  o  <  (.*») 

I«rt  A'  =  h  In  )'  and  we  obtain 

Drme'"  *  <  <r  <  />,.e'~  * 

where  rm,  is  the  mth  order  statistic  in  a  sample  of  size  n 
from  the  extreme-value  distribution.  Now  take  the  natural 
logarithm  of  the  terms  of  the  inequality,  multiply  bv  b 
and  we  obtain 

b  hi  £>im  4-  im .  <  b  in  *  <  b  iu  D%m  -+•  xmn. 


Hilt  ii  )/ln  «;  therefore,  by  substitution,  we  obtain  the 
follow  mg 

l>  hi  I)(m  +  <  U  <  h  111  />„„  +  <ti) 

whieli  gives  an  exact  central  confidence  interval  with  the 
same  level  of  confidence  given  by  the  tabulated  values  of 

H(m  !lm«  =  D(m  and  Then-fore  wv  have  a 

simple  method  of  computing  exact  central  eonlidence 
intervals  or  upper  and  lower  confidence  Isuinds  for  tin- 
location  parameter  ni‘  the  extreme-value  distribution,  with 
scale  parameter  b.  based  on  one-order  statistic. 

I\'.  1'ix.uT  Confioenue  Hm  xn.s  foh  the  Scale 
PARAMETER  OF  THE  WeiHIT.I.  JhsTKUU'TtON  WITH  Kx'owx 

Shape  Parameter 

If  the  random  variable  T  hits  a  Weibull  distribution  with 
shu]X'  parameter  K  then  it  is  easily  shown  that  1’  —  TK 
has  an  ex|ionential  distribution  with  8  —  <r'!K.  In  in¬ 
equality  (.*>)  replace  ym,  by  f„,K,  the  K t h  power  of  the  mth 
order  statistic  from  a  Weibull  distribution  with  shape 
parameter  K,  and  we  obtain 

D(JmnK  <  a  <  (7) 

Take  the  A'th  root  of  each  member  of  (7)  and  obtain 

Dfm'  */„„  <  <r'  *  <  l),m'  KlmH.  (8) 

Hut  8  -  a'  K  and  therefore 

l>U'  KU,  <  8  <  D.J  KU,  <i>) 

gives  an  exact  central  confidence  interval  for  the  scale 
parameter  of  Weibull  distributions  with  known  sha|>e 
parameter  K. 

V.  Monte  Carlo  Study  of  Ratios  ok  Mean-Sqvare- 

Lh  KOILS 

It  seemed  reasonable  to  the  authors  to  conjecture  that 
the  ratios  of  the  meati-squarc-errors  of  tin  m-order- 
statistir  estiinauir  and  of  the  one-order  statistic  estimator 
for  txith  the  scale  parameter  of  a  t wo-puraineter  Weibull 
distribution  with  known  shajie  parameter  ami  the  location 
parameter  of  an  extreme-value  distribution  with  known 
scale  parameter  are  closely  approximateil  by  the  relative 
efficiency  of  the  one-order  statistic  estimator  of  the  scale 
parameter  of  an  one-|Kinuneter  e.\|x>iientia!  distribution  as 
compared  with  the  in  order  statistic  estimator,  which  has 
Is-cn  tafml:it«s|  by  .Moore  and  Harter  (3j  for  m  =  1(1)20 
and  in  Table  I  of  the  present  paper  for  n  =  21(1)40.  (It 
sIhiuIi!  lie  noted  that  one  may  speak  of  relative  eflieieney 
in  the  rase  of  the  ex|Mincntia!  distribution,  since  the  esti¬ 
mators  an*  unbiased,  but  only  of  ratios  of  nioan-square- 
ermrs  in  the  cases  of  the  Weibull  ami  extreme-value 
distributions,  for  which  the  estimators  are  biased.)  In  order 
to  check  the  validity  of  the  conjecture,  a  Monte  Carlo 
study  of  the  ratios  ot  meiui-squnre-errors  was  performed, 
(hie  thousand  random  samples  each  of  size  n  [a  =  1(1)401 
from  a  one-parameter  exponential  distribution  with  scale 
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parameter  1  were  generated  in  t lie  HUM  7094  computer. 
These  wen-  transformed  into  samples  from  :i  2-jiaraini'tcr 
Wcibulf  distribution  with  m-  parameter  2  and  from  an 
extreme-value  distribution  with  scale  parameter  i,  l-roin 
each  sample.  tlic  ono-ordnr  statistic  estimate  iuid  the  in 
order  statistic  estimate,  based  on  the  lirst  in  order  statis- 
i.es  (mi  -  1  ( I  )9  ),  of  the  scale  parameters  of  the  e\|M>tiehtial 
and  Weibull  distributions  and  of  the  location  parameter  of 
the  t-xtrenu'-valiie  dist rthut ion  wore  eoinputed.  For  eaeh 
distribution  and  for  eaeb  conlniiation  of  in  and  n,  tin* 
ratio  of  the  iiunin-sqtmro-ermr  of  the  m  order  statistic 
estimatos  to  that  of  the  one-order  statistic  estimates  was 
calculated.  F.xrept  for  fluctuations  due  to  random  sam¬ 
pling.  the  ratio  of  mean-sipiare-errots  in  the  ease  of  tin; 
exponential  distribution  should  agree  with  the  tabulated 
relative  efficiencies,  and  it  was  found  that  the  agreement 
was  quite  good-  Moreover,  it  was  found  that  the  ratios  of 
mean-sqiian-ernirs  in  the  eases  of  the  Weibull  and  ex¬ 
treme-value  distributions  agreed  with  the  tabulated 
relative  efficiencies  almost  as  well  as  did  those  for  the 
ex|ioiientiat  distribution,  tints  confirming  the  conjecture. 

Vi.  Use  of  Table  I  and  Related  Tables,  with 
NCMEKIfAL  KxaMWLE- 

Table  I  gives  the  coefficient  of  optimum  single-or<ler 
statistie  (the  Fth)  in  ail  unbiased  estimator  of  the  scale 
parameter  of  a  no-paramctcr  exponential  distribution 
from  the  lirst  in  order  statistics  of  a  sample  <if  size  «(«  = 
21(1)40),  and  the  relative  efficiency  of  the  one-order 
statistie  estimator  its  compared  with  the  /«  order  statistic 
estimator.  It  is  a  condensed  extension  of  the  similar  table 
for  n  -  1(1)20  given  by  Moore  and  Harter  J,  which  also 
includes  columns  giving  the  variances  of  the  two  esti¬ 
mators.  These  columns  have  been  omitted  front  Table  I  to 
save  space,  which  can  he  done  without  loss  of  information, 
since  the  variance  of  the  m  order  statistic  estimator  is 
simply  1  in  and  that  of  one-order  statistic  estimator  can 
be  found  by  dividing  1  m  by  the  relative  efficiency.  These 
two  tables  can  also  he  used  to  obtain  consistent  one-order 
statistic  estimators  of  the  scale  parameter  of  a  two- 
parameter  Weibull  distribution  with  known  shape  param¬ 
eter  anti  of  the  location  parameter  of  an  extreme-value 
distribution  with  known  scale  pununeter,  together  with 
their  approximate  ‘‘ettif  teiieies”  (ratios  of  mean-squure- 
errors)  relative  to  the  m  order  statistic  estimators,  Harter 
(4)  has  tabulated  coefficients  of  optimum  order  statistics  in 
exact  upjier  and  lower  confidence  Imurids,  based  on  one- 
order  statistic,  for  the  scale  parameter  of  a  one-parameter 
exponential  distribution.  These  may  also  be  used  to  obtain 
exact  confidence  liounds.  basis  I  on  one-order  statistic,  for 
the  scale  parameter  of  a  two-parameter  Weibull  distribu¬ 
tion  with  known  sha[>e  parameter  iuid  for  the  location 
parameter  of  an  extreme-value  distribution  with  known 
scale  parameter. 

As  an  example  of  the  previously  mentioned  uses  of 
Table  I  and  related  tables,  consider  the  follow  ing  tabula¬ 
tion  of  data  (observed  failure  tunes  in  hours)  resulting 
from  a  simulated  life  test  on  forty  ronn»onents: 
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Ixmnds  on  the  scale  parameter  8.  Harter  and  Moore  [.">) 
have  previously  done  tbi-  for  estimates  based  on  the  lirst 
m  order  statistics  | m  —  8(8)40],  From  Table  1  of  the 
present  paper  and  from  Table  I  of  Harter  J4],  one  finds 
ilia!,  fur  a  tine- parameter  cxjstitm’ml  distribution,  the 
optimum-order  statistic  for  obtaining  a  point  estimator 
and  I  lie  80  |M*ri  eii1  lower  and  tip[x*r  confidence  Ixmnds  on 
the  wale  parameter  is  32,  with  coefficients  O.Ci4(y74, 
0.553447,  and  0.768717,  resjxx-tively.  Substituting  these 
values  in  (4)  and  (it),  one  linds  that  the  |x>ii,t  estimate  of 
the  scale  parameter  of  the  Weibull  distribution  from  which 
the  alxive  sample  ciune  is  \/t).ti4074(l  10)  =  92.0.  the  9 
percent  lower  confidence  Ixiund  is  V0.553447(  1  Hi)  =  80.3 
and  the  80  |x*ri-etit  up|x*r  confidence  Ixiund  is  V' 0.708717 
(110)  -  101.7,  as  compared  with  results  93.7,  87.0,  and 
101.7  obtained  from  the  first  32  order  statistics,  93.3,  87.8, 
and  100.3  obtainisl  from  all  40  observations,  and  the  true 
populut  ion  parameter  of  100. 

Now  consider  the  same  data  1  ransformed  to  data  from 
aJi  extreme-value  distribution  with  scale  parameter  6  =  0.5 
by  taking  natural  logarithms. 
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4  407 
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5  017 
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4  til 
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4  522 

4  673 

4  820 

5  063 

3.466 

4  1*17 

4  159 

4  220 

4  522 

4  736 

4.934 

5  273 

Using  the  same  tabular  values,  one  finds  by  substituting  in 
(3)  and  (0)  that  the  point  estimate  of  the  local  .on  param¬ 
eter  of  the  extreme-value  distribution  is  0.5  In  0.04071  -F 
4.754  =  4.531,  the  80  percent  lower  confidence  bound  is 
0.5  hi  0.553447  +  4.7.54  =  4.458,  and  the  80  percent  upper 
confidence  bound  is  0.5  In  0.768717  4*  4.754  =»  4.023,  as 
compared  with  results  |J  ]  4.541,  4.474,  and  4.024  based 
on  the  first  32  order  statistics,  4.537  ,  4.470,  and  4.010 
based  on  all  40  obsorvut ions,  and  the-  true  population 
parameter  of  4.605  (  =  In  100). 
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13  ABSTRACT 


Hus  paper  derives  a  one-order  statistic  estimator  U  b  for  the  location  of 
the  (first)  extreme- value  distribution  of  smallest  values  with  cumulative  distri¬ 
bution  function  F(x;u,b)  •  1  -  exp£"exp[(x-u)  /b]  ^  using  tiie  minimun- va ri an ce  un¬ 
biased  one-order  statistic  estimator  for  the  scale  parameter  of  an  exponential 
distribution,  as  was  done  in  an  earlier  paper  for  the  scale  parameter  of  a  Weibull 
distribution*  It  is  shown,  that  exact  confidence  bounds,  based  on  one-order  statists 
can  be  easily  derived  for  the  location  parameter  of  the  extreme-value  distribution 
and  for  the  scale  parameter  of  the  Weibull  distribution,  using  exact  confidence 
bounds  for  the  scale  parameter  of  the  exponential  distribution.  The  estimator  for  u 
is  shown  to  be  b  in  cj^.  +  is  the  mth  order  statistic  from  an  ordered  sarple  of 
size  n  from  the  extreme  -value  distribution  with  scale  parameter  b  and  c,—  is  the 
coefficient  for  a  one-order  statistic  estimator  of  the  scale  parameter  of  an  ex¬ 
ponential  distribution.  Values  of  tiie  factor  cfn,  which  have  previously  been  tab¬ 
ulated  for  n  -  1(1)  D,  are  given  for  n  -  21(1)40.  The  ratios  of  the  mean-square- 
enors  of  the  maximum- likelihood  estimators  based  on  m  order  statistics  to  those  of 
the  one-order  statistic  estimators  for  tire  location  parameter  of  the  extreme-value 
distribution  and  the  scale  parameter  of  tiie  Weibull  distribution  are  investigated 
by  .ionte  Carlo  methods.  The  use  of  the  table  and  related  tables  is  discussed  and 
illustrated  by  numerical  examples. 
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